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Abstract
Given a commutative ring k, a group G and an element g ∈ G of inﬁnite order with centralizer
C(g), we study the inverse system
· · · −→ H2n(C(g)/〈g〉, k) −→ H2n−2(C(g)/〈g〉, k) −→ · · ·
arising from Burghelea’s computation [D. Burghelea, The cyclic homology of group rings, Comment.
Math. Helv. 60 (1985) 354–365] of the cyclic homology of the group algebra kG and Connes’ peri-
odicity operator S : HC2n(kG) −→ HC2n−2(kG). A vanishing theorem for the limit of this inverse
system is proved for groups in the classA introduced in Emmanouil and Passi [A contribution to Bass’
conjecture, J. Group Theory 7 (2004) 409–420], thereby contributing to a conjecture by Burghelea
[The cyclic homology of group rings, Comment. Math. Helv. 60 (1985) 354–365]. The homological
condition deﬁning the classA is closely examined; in particular, it is shown that this class properly
contains the class studied in Emmanouil [On a class of groups satisfying Bass’ conjecture, Invent.
Math. 132 (1998) 307–330].
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0. Introduction
Let k be a commutative ring and G a group. As shown by Burghelea in [3] (see also
[9, Chapter 7]), the cyclic homology groups HCn(kG), n0, of the group algebra kG
admit a decomposition as a direct sum indexed by the set of conjugacy classes of G. Let
g ∈ G be an element of inﬁnite order and C(g) the centralizer of g in G. Denote by N(g)
the central quotient C(g)/〈g〉 and let (g) ∈ H 2(N(g),Z) be the cohomology class that
classiﬁes the central extension
1 −→ Z g−→ C(g) −→ N(g) −→ 1.
Then the component of the cyclic homology group HCn(kG) corresponding to the conju-
gacy class of g is the homology group Hn(N(g), k). The groups Hn(N(g), k) have been
recently studied in [10,11]. Connes’ periodicity operator S : HCn(kG) −→ HCn−2(kG)
preserves the decomposition of the cyclic homology groups of kG mentioned above and
restricts on Hn(N(g), k) to the cap-product map
(g)∩− : Hn(N(g), k) −→ Hn−2(N(g), k).
We thus have an inverse system
· · · (g)∩−−→ H∗+2i (N(g), k) (g)∩−−→ · · · (g)∩−−→ H∗+2(N(g), k) (g)∩−−→ H∗(N(g), k), (1)
where the parity ∗ may be 0 or 1. This inverse system has proved to be a useful tool in the
study of Bass’ trace conjecture [1], as ﬁrst noted by Eckmann [4]. Burghelea has conjectured
in [3] that the inverse limit of system (1) vanishes for any element g of inﬁnite order if the
Eilenberg–MacLane space K(G, 1) has the homotopy type of a ﬁnite CW-complex. As far
as we know, there has been no progress on that conjecture, apart from the work of Eckmann
[4]. Pursuing Eckmann’s line of investigation, we introduced in [7] a classA by imposing a
certain condition on the iterates of the inverse system (1) and proved that groups which are
residually contained inA satisfy Bass’ conjecture. Our goal in this paper is to investigate
further the homological conditions deﬁning the classA.
In Section 1,we recall the precise deﬁnition of the classA, the related classA′ introduced
in [7], the class studied in [5] (here, denoted byA(Q)) and review some of their properties
that are needed in the sequel. In Section 2, we prove a vanishing theorem for the limit of
the inverse system (1) for groups belonging to the class A; this result may be viewed as
a contribution to Burghelea’s conjecture. In order to construct some explicit examples, we
need the computation of the (co-)homology groups of the wreath product Z  Z, which we
carry out in Section 3. Finally, in Section 4, we study the classesA andA′ and establish the
closure of these classes under suitable central extensions. Our analysis shows, in particular,
that both inclusionsA(Q) ⊆A′ ⊆A are proper.
Notation. For any group G and any element g ∈ G of inﬁnite order we denote by C(g)
the centralizer of g in G and by N(g) the quotient group C(g)/〈g〉. The cohomology class
in H 2(N(g),Z) that classiﬁes the central extension
1 −→ Z g−→ C(g) −→ N(g) −→ 1
is denoted by (g).
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1. Preliminaries
Let G be a group and g ∈ G an element of inﬁnite order. Then, the cohomology class
(g) ∈ H 2(N(g),Z) induces a cap-product map
(g)n∩− : H2n(N(g),Z) −→ H0(N(g),Z) 
 Z (2)
for all n1. We note that for any commutative ring k the natural map Z −→ k induces
a map H ∗(N(g),Z) −→ H ∗(N(g), k) between the corresponding cohomology rings. We
denote by (g)k the image of (g) in H 2(N(g), k). Observe that the cap-product maps
(g)n∩− : H2n(N(g), k) −→ H0(N(g), k) 
 k
and
[(g)k]n∩− : H2n(N(g), k) −→ H0(N(g), k) 
 k
coincide. In the special case where k is a ﬁeld, the above maps vanish identically if and
only if [(g)k]n = 0 ∈ H 2n(N(g), k).
We now recall the deﬁnition of certain classes of groups introduced in [5,7] and review
some of their basic properties.
• The classA consists of groups G for which, given any element g ∈ G of inﬁnite order,
there is a positive integer n = n(g) such that the map (2) is not surjective.
• The class A′ consists of groups G for which, given any element g ∈ G of inﬁnite
order, there is a ﬁeld K such that the canonical image (g)K of (g) in H 2(N(g),K)
is nilpotent in the cohomology ring H ∗(N(g),K). (In fact, we may assume that K is a
prime ﬁeld.)
• The class A(Q) consists of groups G for which, given any element g ∈ G of inﬁnite
order, the canonical image (g)Q of (g) inH 2(N(q),Q) is nilpotent in the cohomology
ring H ∗(N(g),Q).
The classA(Q) was introduced and studied in [5] (where it was denoted by C(Q)), while
the classesA′ andAwere deﬁned in [7]. It is clear thatA(Q) is a subclass ofA′, whereas,
as noted in [7, Remark 3.11(ii)], we haveA′ ⊆A. In the sequel, we shall need the following
closure properties of these classes:
Proposition 1.1 (cf. Emmanouil [5], Emmanouil and Passi [7]). The classes A(Q) and
A have the following properties:
(i) A(Q) contains all abelian groups.
(ii) Let NG be a normal subgroup, such that both groups N and G/N are contained in
A(Q). If G/N has ﬁnite homological dimension over Q, then G ∈A(Q).
(iii) Both classesA(Q) andA are closed under free products.
We shall also need the following lemma, whose proof is straightforward.
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Lemma 1.2. Let G be a group and g ∈ G an element of inﬁnite order.
(i) The canonical image (g)Q of (g) inH 2(N(g),Q) is nilpotent in the cohomology ring
H ∗(N(g),Q) with [(g)Q]n = 0 if and only if the cap-product map (2) is identically
zero.
(ii) Let p be a prime number. Then, the canonical image (g)Fp of (g) in H 2(N(g),Fp)
is nilpotent in the cohomology ring H ∗(N(g),Fp) with [(g)Fp ]n = 0 if and only if
(g)n ∈ pH 2n(N(g),Z).
The principal motivation behind the introduction of the classes A, A′ and A(Q) is
their relevance to the study of the inverse system (1), where k is a commutative ring, G
a group, g ∈ G an element of inﬁnite order and ∗ = 0 or 1. It follows from Burghelea’s
computation [3] of the cyclic homology of the group ring kG that the inverse system (1)
is a direct summand of the inverse system associated with Connes’ periodicity operator
on the cyclic homology of kG. We denote the inverse limit of system (1) by T∗(G, g, k).
Burghelea conjectured in loc.cit. that T∗(G, g, k) = 0 if the Eilenberg–MacLane space
K(G, 1) has the homotopy type of a ﬁnite CW-complex. Putting aside the geometric hy-
pothesis, one may look for algebraic conditions on the triple (G, g, k), which imply the
vanishing of these limit groups.We examine the classA from this point of view in the next
section.
2. A vanishing theorem
In order to prove our main result, Theorem 2.3, we need the following simple lemmas.
Lemma 2.1. Let k be a commutative Q-algebra, N a group and  ∈ Hn(N,Z) a coho-
mology class. If the canonical image Q of  in Hn(N,Q) vanishes, then the cap-product
map
∩− : Hi+n(N, k) −→ Hi(N, k)
is identically zero for all i0.
Proof. Since k is a direct sum of copies of Q as a trivial N -module, it sufﬁces to prove that
the cap-product map
∩− : Hi+n(N,Q) −→ Hi(N,Q)
is identically zero for all i0. We note that the latter map coincides with the map
Q∩− : Hi+n(N,Q) −→ Hi(N,Q).
The result follows, since Q = 0. 
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Lemma 2.2. Let k be a commutative ring, N a group,  ∈ Hn(N,Z) a cohomology class
and s, i two non-negative integers, such that the following conditions are satisﬁed:
(i) the image of the cap-product map
∩− : Hn(N,Z) −→ H0(N,Z) 
 Z
is contained in the subgroup sZ ⊆ Z and
(ii) the abelian group Hi(N, k) is torsion-free.
Then, the image of the cap-product map
∩− : Hi+n(N, k) −→ Hi(N, k)
is contained in the subgroup sH i(N, k) ⊆ Hi(N, k).
Proof. In view of the universal coefﬁcient theorem in cohomology, any homomorphism
Hn(N,Z) −→ Z can be realized as the cap-product map induced by a suitable element of
Hn(N,Z). Hence, assumption (i) implies the existence of an element  ∈ Hn(N,Z), such
that the canonical image of  − s in Hn(N,Q) vanishes (cf. [7, Lemma 2.1]). Observe
that there is a commutative diagram
Hi+n(N, k) −→ Hi+n(N, k ⊗ Q)
(−s)∩−
⏐⏐⏐⏐
⏐⏐⏐⏐ (−s)∩−
Hi(N, k) −→ Hi(N, k ⊗ Q)
where the horizontal maps are induced by the natural ring homomorphism k −→ k ⊗ Q.
Since Hi(N, k ⊗ Q) 
 Hi(N, k) ⊗ Q, assumption (ii) implies that the map in the bottom
row of the diagram above is injective. By Lemma 2.1, the cap-product map
(− s)∩− : Hi+n(N, k ⊗ Q) −→ Hi(N, k ⊗ Q)
is identically zero and hence the cap-product map
(− s)∩− : Hi+n(N, k) −→ Hi(N, k)
is identically zero as well; the assertion of the lemma follows readily from this. 
Recall that, given an abelian group M and a prime number p, an element x ∈ M is said
to be of inﬁnite p-height if x ∈ pnM for all n1.
We are now ready to state the main result of this section.
Theorem 2.3. Let k be a commutative ring, G a group which is contained inA and g ∈ G
an element of inﬁnite order.
(i) If k is a commutative Q-algebra and G ∈A(Q), then T∗(G, g, k) = 0 for ∗ = 0, 1.
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(ii) If there exists an integer i0, such that the abelian group Hi(N(g), k) has no non-zero
elements of inﬁnite p-height for any prime number p and any i i0, then T∗(G, g, k)=0
for ∗ = 0, 1.
Proof. (i) Assume that the canonical image [(g)Q]n of (g)n in H 2n(N(g),Q) is zero. In
view of Lemma 2.1, it follows that any n-fold iterate of the structure maps of the inverse
system (1) is identically zero and hence T∗(G, g, k) = 0 for ∗ = 0, 1.
(ii) Since G ∈A, there is an integer n such that the image of the map (2) is contained in
the subgrouppZ ⊆ Z for some prime numberp. In view of our assumption on the homology
groups Hi(N(g), k), these are torsion-free for all i i0. Hence, Lemma 2.2 implies that the
image of the cap-product map
(g)tn∩− : Hi+2tn(N(g), k) −→ Hi(N(g), k)
is contained in the subgroup ptHi(N(g), k) for all t1 and all i i0. Using the full force
of our assumption on the Hi(N(g), k)’s, it follows that the image of the canonical map
T∗(G, g, k) −→ Hi(N(g), k) is trivial for i i0; here, ∗ = 0 or 1, depending on the parity
of i. Since this is the case for any i?0, we conclude that T∗(G, g, k)= 0 for ∗ = 0, 1. 
Recall that for any commutative ring k and any group G there are additive group homo-
morphisms (Chern character maps)
chn : K0(kG) −→ HC2n(kG), n0,
which are compatible with Connes’ periodicity operator S (see [9, Chapter 8]). If g ∈ G
is an element of inﬁnite order, then, composing chn with the projection onto the direct
summand H2n(N(g), k) of HC2n(kG), we obtain additive maps
chn,g : K0(kG) −→ H2n(N(g), k), n0.
The following result is an immediate consequence of Theorem 2.3 (see [4, Remark 3.4]).
Corollary 2.4. Under hypothesis (i) or (ii) in the statement of Theorem 2.3, the maps chn,g
deﬁned above are identically zero for all n0.
Corollary 2.5. Let k be a commutative ring, G a group and g ∈ G an element of inﬁnite
order. Suppose that G ∈A and the following conditions hold:
(a) The ring k is a Noetherian integral domain.
(b) No prime number p is invertible in k.
(c) The homology groups Hi(N(g), k) can be embedded into a direct product of copies of
k for all i?0.
Then, T∗(G, g, k) = 0 for ∗ = 0, 1.
Proof. In view ofKrull’s intersection theorem, conditions (a) and (b) imply that⋂∞t=1 ptk=
0 for all prime numbers p. Then, using (c), we conclude that⋂∞t=1 ptHi(N(g), k) = 0 for
all prime numbers p and all i?0. Hence, the result follows from Theorem 2.3(ii). 
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In Section 4, we shall construct a ﬁnitely generated solvable group G ∈ A\A(Q)
containing an element g of inﬁnite order, such that the homology groups Hn(N(g), k) are
free k-modules for any commutative ring k if n2 (thereby satisfying condition (c) of
Corollary 2.5); cf. Example 4.6. Thus, choosing k so that conditions (a) and (b) above are
satisﬁed (for example, letting k be any ﬁnitely generated subring of the ﬁeld C of complex
numbers with k∩Q=Z), we obtain examples of triples (G, g, k) for which T∗(G, g, k)=0
for ∗ = 0, 1. In preparation for our construction, we examine in the following section the
(co-)homology of the wreath product Z  Z.
3. The (co-)homology groups of Z  Z
Let N =⊕∞i=−∞ Z · ei be the free abelian group with basis {ei : i ∈ Z} and consider
the automorphism  ∈ Aut N , which is given by ei = ei+1 for all i ∈ Z. Note that
the corresponding semi-direct product is (by deﬁnition) the wreath product A = Z  Z,
a two-generated metabelian group, which ﬁts into an exact sequence
1 −→ N −→ A −→ Z −→ 1. (3)
In order to describe the homology and cohomology groups of A with coefﬁcients in a
commutative ring k, we need the following simple observation.
Observation 3.1. LetMbe an abelian group,M=MZ the group of all bi-inﬁnite sequences
in M andM0 = M(Z) the subgroup ofM consisting of those sequences (xi)i with xi = 0
for all but ﬁnitely many i’s. We consider the shift operator u :M −→M, which maps any
element (xi)i ∈M onto (xi+1)i .
(i) The additive map u − 1 : M −→ M is surjective, whereas its kernel is canonically
identiﬁed with M.
(ii) If u0 is the restriction of u onM0, then u0 − 1 :M0 −→M0 is injective, whereas its
cokernel is canonically identiﬁed with M.
We ﬁx a positive integer n and let In be the set consisting of all n-tuples of integers
(i1, . . . , in) with i1 < · · ·< in. Then, the nth homology group of N with coefﬁcients in k is
the free k-module with basisIn, i.e.Hn(N, k)=⊕I∈In keI . Moreover, the endomorphism
∗ of Hn(N, k) maps any basis element eI ∈ Hn(N, k) onto the basis element eI+1; here,
for any sequence I=(i1, . . . , in) ∈ In we denote by I+1 the sequence (i1+1, . . . , in+1).
The Lyndon–Hochschild–Serre spectral sequence in homology, which is associated with
the group extension (3), degenerates to a long exact sequence
· · · −→ Hn(N, k) ∗−1−→ Hn(N, k) −→ Hn(A, k)
−→Hn−1(N, k) ∗−1−→ Hn−1(N, k) −→ · · · .
For all n1 the map I → I + 1 deﬁnes a free action of the group Z on the set In. For
any orbit O of that action the endomorphism ∗ − 1 of Hn(N, k) restricts to an injective
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endomorphism of the subgroup
⊕
I∈O keI ⊆ Hn(N, k), whose cokernel is canonically
identiﬁed with k (cf. Observation 3.1(ii)). Therefore, we conclude that:
For all n2, the homology group Hn(A, k) is the free k-module with basis the set
In/Z of orbits under the Z-action on In.
Proceeding in an analogous way, we can compute the cohomology groups of A, as follows:
The nth cohomology group of N with coefﬁcients in k is the direct product of copies
of k indexed by the set In, i.e. Hn(N, k) =∏I∈In kf I . Moreover, if  ∈ Hn(N, k) and
 ∈ Hm(N, k) are two elements given as formal sums ∑I∈In aI fI and ∑J∈In bJ fJ ,
respectively, then ∪ ∈ Hn+m(N, k) is the formal sum∑I,J aI bJ fI ∧fJ . Here, for any
I = (i1, . . . , in) ∈ In and J = (j1, . . . , jm) ∈ Im we deﬁne fI ∧ fJ as follows:
(i) If is = jt for some pair of indices (s, t) then fI ∧ fJ = 0.
(ii) If is = jt for every pair of indices (s, t) then fI ∧ fJ = (−1)cfIJ , where c is the
cardinality of the set {(s, t) : 1sn, 1 tm and is > jt } and IJ =(l1, . . . , ln+m) ∈
In+m is such that {l1, . . . , ln+m} = {i1, . . . , in, j1, . . . , jm}.
The homomorphism ∗ of Hn(N, k) maps a formal sum
∑
I∈In rI fI ∈ Hn(N, k), where
rI ∈ k for all I ∈ In, onto the element ∑I∈In rI fI−1; here, for any sequence I =
(i1, . . . , in) ∈ In we denote by I − 1 the sequence (i1 − 1, . . . , in − 1). The Lyndon–
Hochschild–Serre spectral sequence in cohomology, which is associated with the group
extension (3), degenerates to a long exact sequence
· · · res−→Hn−1(N, k) 
∗−1−→ Hn−1(N, k)
−→Hn(A, k) res−→ Hn(N, k) 
∗−1−→ Hn(N, k) −→ · · · .
For all n1 the map I → I − 1 deﬁnes a free action of the group Z on the setIn. For any
orbit O of that action the endomorphism ∗ − 1 of Hn(N, k) restricts to a surjective endo-
morphism of the subgroup
∏
I∈O kf I ⊆ Hn(N, k), whose kernel is canonically identiﬁed
with k (cf. Observation 3.1(i)). Therefore, we conclude that:
For all n2, the cohomology group Hn(A, k) is the direct product of copies of k
indexed by the set In/Z of orbits under the Z-action on In; in fact, there is a short
exact sequence of k-modules
0 −→ Hn(A, k) res−→ Hn(N, k) 
∗−1−→ Hn(N, k) −→ 0. (4)
In particular, let us consider the cohomology class  ∈ H 2(N,Z), which is given by the
formal sum
=
∞∑
i=−∞
fi ∧ fi+1. (5)
Since  is clearly ∗-invariant, the short exact sequence (4) for n = 2 shows that we can
view  as an element of H 2(A,Z).
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Proposition 3.2. LetA=Z Z and  ∈ H 2(A,Z) the cohomology class constructed above.
Then:
(i) For any prime number p the image Fp of  inH 2(A,Fp) is nilpotent in the cohomology
ring H ∗(A,Fp).
(ii) The image Q of  in H 2(A,Q) is not nilpotent in the cohomology ring H ∗(A,Q).
Proof. Since the fi ∧ fi+1’s commute with each other, we conclude that for all n1 the
nth power n ∈ H 2n(N,Z) =∏I∈I2n ZfI is given by
n = n!
∑
fi1 ∧ fi1+1 ∧ fi2 ∧ fi2+1 ∧ · · · ∧ fin ∧ fin+1,
where the summation runs over all sequences (i1, . . . , in) satisfying
i1 + 1< i2, i2 + 1< i3, . . . , in−1 + 1< in.
Invoking the short exact sequence (4), it follows that n ∈ n!H 2n(A,Z) for all n1. In
particular, p ∈ p!H 2p(A,Z) ⊆ pH 2p(A,Z) for any prime numberp and hence the image
Fp of  in H 2(A,Fp) is nilpotent in the cohomology ring H ∗(A,Fp) (cf. Lemma 1.2(ii)).
Working over Q, we note that the image Q of  in the cohomology group H 2(A,Q) is
given by the same formal sum as . Furthermore, for all n1 the element [Q]n is given
by the same formal sum as n. In particular, [Q]n = 0 for all n1 and hence Q is not
nilpotent in the cohomology ring H ∗(A,Q). 
4. The classes A,A′ and A(Q)
Our goal in this section is to study more closely the homological conditions deﬁning the
classesA,A′ andA(Q). In particular, we are interested in examining the properness of
the inclusionsA(Q) ⊆A′ ⊆A.
I. The cap-product map from H2 to H0. Before examining the extent to which the classes
A,A′ andA(Q) are distinct, it is instructive to examine the map
(g)∩− : H2(N(g),Z) −→ H0(N(g),Z) 
 Z, (6)
associated with a group G and an element g ∈ G of inﬁnite order, and ﬁnd necessary and
sufﬁcient conditions for it to have image a proper subgroup of Z.
Proposition 4.1. Let G be a group and g ∈ G an element of inﬁnite order.
(i) The map (6) is not surjective if and only if the canonical image g¯ of g in C(g)ab is
non-trivial.
(ii) The map (6) is identically zero if and only if the canonical image g¯ of g in C(g)ab is
an element of inﬁnite order.
(iii) The cohomology class (g) lies in pH 2(N(g),Z) for some prime number p if and only
if the canonical image g¯ of g in C(g)ab is not contained in the subgroup pC(g)ab.
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Proof. We note that the Lyndon–Hochschild–Serre spectral sequence in homology associ-
ated with the central extension
1 −→ Z g−→ C(g) −→ N(g) −→ 1
degenerates to the long exact (Gysin) sequence
· · · −→ Hi(C(g),Z) ∗−→ Hi(N(g),Z) (g)∩−−→ Hi−2(N(g),Z)
−→ Hi−1(C(g),Z) ∗−→ · · · .
SinceH0(N(g),Z)=Z,H1(C(g),Z)=C(g)ab andH1(N(g),Z)=N(g)ab =C(g)ab/〈g¯〉,
where g¯ ∈ C(g)ab denotes the canonical image of g in the abelianization C(g)ab of C(g),
we obtain in low degrees the exact sequence
H2(N(g),Z)
(g)∩−−→ Z −→ C(g)ab ∗−→ C(g)ab/〈g¯〉 −→ 0.
It follows that the image of  : Z −→ C(g)ab is the cyclic subgroup of C(g)ab generated
by g¯, thereby proving assertions (i) and (ii).
In the discussion above, we could have considered group homology with coefﬁcients in
an arbitrary commutative ring k. In particular, letting k =Fp for some prime number p, we
obtain an exact sequence
H2(N(g),Fp)
(g)∩−−→ Fp −→ C(g)ab/pC(g)ab ∗−→C(g)ab/〈pC(g)ab, g¯〉 −→ 0.
Here, the image of  : Fp −→ C(g)ab/pC(g)ab is the cyclic subgroup ofC(g)ab/pC(g)ab
generated by the class of g¯ ∈ C(g)ab in the quotient. On the other hand, the cap-product
map
(g)∩− : H2(N(g),Fp) −→ H0(N(g),Fp) 
 Fp
vanishes identically if and only if the canonical image (g)Fp of (g) in H 2(N(g),Fp) is
zero. Hence, assertion (iii) follows from Lemma 1.2(ii). 
An immediate consequence of the above result is the following:
Corollary 4.2. Let G be a group.
(i) If for every element g ∈ G of inﬁnite order the canonical image g¯ of g in C(g)ab is
non-trivial, then G ∈A.
(ii) If for every element g ∈ G of inﬁnite order the canonical image g¯ of g in C(g)ab
is either an element of inﬁnite order or g¯ /∈pC(g)ab for some prime number p, then
G ∈A′.
(iii) If for every element g ∈ G of inﬁnite order the canonical image g¯ of g in C(g)ab is an
element of inﬁnite order, then G ∈A(Q).
At this point, we may mention that, as shown in [8], the hypothesis of Corollary 4.2(iii)
is satisﬁed whenever G is a subgroup of a diagram group; see also [10, Proposition 2].
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Let G be a group and g ∈ G an element of inﬁnite order. Then, the pair (G, g) satisﬁes
the conditions stated in (i) of Proposition 4.1 if it satisﬁes either one of the conditions in
(ii) or (iii) therein. We shall now construct an example of a pair (G, g) as above, for which
the map (6) is not surjective and does not vanish identically, whereas (g) /∈pH 2(N(g),Z)
for all prime numbers p. It will follow that there are pairs satisfying the conditions in (i) of
Proposition 4.1, but not those in (ii) or (iii) therein.
Example 4.3. We consider the additive group Q of rational numbers and denote by v the
element 1 ∈ Q. LetF be the free group on two generatorsX and Y and form the free product
Q ∗ F . We deﬁne the group G as the quotient of Q ∗ F by the normal subgroup generated
by the elements [X, v]=XvX−1v−1, [Y, v]=YvY−1v−1 and [X, Y ]v2 =XYX−1Y−1v2.
We denote by  the quotient map Q ∗ F −→ G and let g = (v). We claim that the pair
(G, g) satisﬁes the properties in (i) of Proposition 4.1, but not those in (ii) or (iii) therein.
Indeed, letting x = (X) and y = (Y ), we note that there is a group homomorphism
 : G −→ GL3(Q) such that
((q)) =
(1 0 q
0 1 0
0 0 1
)
for all q ∈ Q,
(x) =
(1 0 0
0 1 1
0 0 1
)
and (y) =
(1 2 0
0 1 0
0 0 1
)
.
It follows that (q) ∈ G is an element of inﬁnite order for all q ∈ Q\{0}; in particular,
g ∈ G has inﬁnite order. Since g commutes with x and y, it is central in G and hence
C(g) = G. The abelianization Gab is the quotient of Q ⊕ Fab = Q ⊕ Z2 by the cyclic
subgroup generated by the element v2 = 2 ∈ Q. Hence, Gab = (Q/2Z) ⊕ Z2, whereas
the canonical image g¯ of g in Gab is identiﬁed with the element 1 + 2Z ∈ Q/2Z ⊆ Gab.
Therefore, g¯ ∈ Gab is a non-trivial element of order 2, which is divisible by p for every
prime number p. Then, Proposition 4.1 implies that the map (6) is not surjective and does
not vanish identically, whereas (g) /∈pH 2(N(g),Z) for every prime number p.
In view of Corollary 4.2(ii), onemay think that the groupG is not inA′. Nevertheless, we
shall prove that G ∈A(Q) (and hence G ∈A′). In order to verify this claim, we note that
N(g)=C(g)/〈g〉=G/〈g〉 is the quotient of the free product Q∗F by the normal subgroup
generated by v and [X, Y ] = XYX−1Y−1; therefore, N(g) = (Q/Z) ∗ Z2. Since A(Q)
contains all abelian groups and is closed under free products (cf. Proposition 1.1(i), (iii)),
we conclude that N(g) ∈ A(Q). On the other hand, Q/Z is a torsion abelian group and
hence hdQ(Q/Z)=0. Since hdQ Z2 =2, it follows from the Mayer–Vietoris exact sequence
(cf. [2, Chapter VII, Section 9]) that hdQ N(g) = 2<∞. Invoking Proposition 1.1(i), (ii),
we conclude that G ∈ A(Q), as claimed. Moreover, since hdQ N(g) = 2, it follows that
H 4(N(g),Q) = 0 and hence the cohomology class [(g)Q]2 vanishes. Therefore, Lemma
1.2(i) implies that the map
(g)2∩− : H4(N(g),Z) −→ H0(N(g),Z) 
 Z
is identically zero.
386 I. Emmanouil, I.B.S. Passi / Journal of Pure and Applied Algebra 205 (2006) 375–392
II.The classA′.Wedescribe a procedure for constructinggroups in classA′. In particular,
we construct a ﬁnitely generated solvable groupG of solvability length 3,which is contained
inA′\A(Q) (see also [6]). It may be observed that ﬁnitely generated metabelian groups
are always contained inA(Q) (cf. Proposition 1.1(i), (ii)). For our construction, we shall
use the computation of the cohomology groups of the wreath product Z  Z.
Theorem 4.4. Let A be a group,  ∈ H 2(A,Z) a cohomology class classifying the central
extension
1 −→ Z −→ G −→ A −→ 1
and assume that the following conditions are satisﬁed:
(i) A ∈A′ and
(ii) there is an inﬁnite set  of prime numbers, such that for any p ∈  the image Fp
of  in H 2(A,Fp) is nilpotent in the cohomology ring H ∗(A,Fp).
Then, G ∈A′.
Proof. We identify  with the element x = (1) ∈ G. In order to prove that G ∈ A′, we
consider an element g ∈ G of inﬁnite order and the cohomology class (g) ∈ H 2(N(g),Z).
We let g¯ be the image of g in A and distinguish two cases:
Case 1: Assume that the element g¯ ∈ A has ﬁnite order t1. Then, gt ∈ 〈x〉 and hence
gt = xs for some non-zero integer s. We consider the following commutative diagram:
1 −→ Z x−→ G −→ A −→ 1
s ↑ i ↑  ↑
1 −→ Z g
t
−→ C(g) −→ C(g)/〈gt 〉 −→ 1
t ↓ ‖  ↓
1 −→ Z g−→ C(g) −→ N(g) −→ 1
Here, i is the inclusion,  is induced from i by passage to the quotients and  is the natural
projection. It follows that ∗ = s and ∗(g) = t, where  is the cohomology class
classifying the extension in the middle row of the diagram above (cf. [6, Lemma 1.1]). Let
p ∈  be a prime number not dividing st , where  is the set provided by our assumption
(ii). Then, the image Fp of  inH 2(A,Fp) is nilpotent in the cohomology ringH ∗(A,Fp)
and hence
sn[Fp ]n = [∗Fp ]n = ∗[Fp ]n = 0 ∈ H 2n(C(g)/〈gt 〉,Fp)
for n?0. Since s is invertible modulo p, it follows that [Fp ]n = 0 ∈ H 2n(C(g)/〈gt 〉,Fp)
and hence we conclude that
∗[(g)Fp ]n = [∗(g)Fp ]n = tn[Fp ]n = 0 ∈ H 2n(C(g)/〈gt 〉,Fp).
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The homomorphism  is surjective and its kernel is a cyclic group of order t . Since t is
invertible modulo p, the induced map
∗ : H 2n(N(g),Fp) −→ H 2n(C(g)/〈gt 〉,Fp)
is an isomorphism. In particular, we conclude that [(g)Fp ]n = 0 ∈ H 2n(N(g),Fp).
Case 2: Assume that the element g¯ ∈ A has inﬁnite order and consider the cohomology
class (g¯) that classiﬁes the central extension
1 −→ Z g¯−→C(g¯) −→ N(g¯) −→ 1.
Since A ∈ A′, there is a ﬁeld F such that the image (g¯)F of (g¯) in H 2(N(g¯),F) is
nilpotent in the cohomology ring H ∗(N(g¯),F). On the other hand, (g) is the pullback
of (g¯) along the homomorphism N(g) −→ N(g¯), which is induced by the quotient map
G −→ A. Therefore, it follows that the image (g)F of (g) in H 2(N(g),F) is nilpotent
in the cohomology ring H ∗(N(g),F).
Hence, G ∈A′. 
Remark 4.5. If the pair (A, ) in the statement of Theorem 4.4 is such that the image Q
of  in H 2(A,Q) is not nilpotent in the cohomology ring H ∗(A,Q), then, by deﬁnition,
the group G is not contained inA(Q).
Example 4.6. Let A = Z  Z,  ∈ H 2(A,Z) the cohomology class deﬁned in (5) and
1 → Z −→G −→ A −→ 1
the central extension classiﬁed by . The group A is two-generated and metabelian; hence,
A ∈ A(Q) ⊆ A′. It follows that G is ﬁnitely generated and solvable of solvability
length 3.
(i) In view of Proposition 3.2, the pair (A, ) satisﬁes the hypothesis of Theorem 4.4 and
hence we may conclude that G ∈ A′. Furthermore, Remark 4.5 implies that G /∈A(Q).
We thus conclude that
the inclusion A(Q) ⊆A′ is proper.
(ii) We let x = (1) ∈ G and note that N(x) = A and (x) = a. The computation of
the homology groups of the wreath product A given in Section 3 shows that if n2 then
Hn(N(x), k) is a free k-module for any commutative ring k, providing us with the example
promised at the end of Section 2.
III. The class A. We describe a procedure for constructing groups in class A. Our
analysis assumes signiﬁcance, since it is not knownwhether classA is closed under (central)
extensions; cf. [7, Proposition 5.3]. In particular, we prove thatA strictly containsA′.
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Theorem 4.7. Let 	 be a group, 
 ∈ H 2(	,Z) a cohomology class classifying the central
extension
1 −→ Z −→ G −→ 	 −→ 1 (7)
and assume that the following conditions are satisﬁed:
(i) 	 ∈A and
(ii) there is an inﬁnite set  of prime numbers, such that for any p ∈  there is a positive
integer n = n(p) for which the image of the cap-product map

n∩− : H2n(	,Z) −→ H0(	,Z) 
 Z
is contained in the ideal pZ.
Then, G ∈A.
Proof. The proof is very similar to that of Theorem 4.4. As before, we identify  with the
element x = (1) ∈ G. In order to prove that G ∈A, we consider a group element g ∈ G
of inﬁnite order and the corresponding cohomology class (g) ∈ H 2(N(g),Z). We let g¯
be the image of g in 	 and distinguish two cases:
Case 1: Assume that the element g¯ ∈ 	 has ﬁnite order t1. Then, gt ∈ 〈x〉 and hence
gt = xs for some non-zero integer s. We consider the following commutative diagram:
1 −→ Z x−→ G −→ 	 −→ 1
s ↑ i ↑  ↑
1 −→ Z g
t
−→ C(g) −→ C(g)/〈gt 〉 −→ 1
t ↓ ‖  ↓
1 −→ Z g−→ C(g) −→ N(g) −→ 1
Here, i is the inclusion,  is induced from i by passage to the quotients and  is the natural
projection. It follows that ∗
 = s and ∗(g) = t, where  is the cohomology class
classifying the extension in the middle row of the diagram above (cf. [6, Lemma 1.1]). Let
u = st and p ∈  a prime number not dividing u, where  is the set provided by our
assumption (ii). Then, the universal coefﬁcient theorem for homology implies that for a
suitable n?0 the image of the map

n∩− : H2n(	,Z[u−1]) −→ H0(	,Z[u−1]) 
 Z[u−1] (8)
is contained in the proper ideal pZ[u−1] ⊆ Z[u−1]. We consider the commutative diagram
H2n(	,Z[u−1]) 

n∩−−→ H0(	,Z[u−1]) 
 Z[u−1]
∗ ↑ ↑ sn
H2n(C(g)/〈gt 〉,Z[u−1]) 
n∩−−→ H0(C(g)/〈gt 〉,Z[u−1]) 
 Z[u−1]
∗ ↓ ↓ tn
H2n(N(g),Z[u−1]) (g)
n∩−−→ H0(N(g),Z[u−1]) 
 Z[u−1]
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The homomorphism  is surjective and its kernel is a cyclic group of order t . Since t is
invertible in Z[u−1], the maps ∗ and tn in the diagram above are isomorphisms. Since s is
also invertible in Z[u−1], a simple diagram chase shows that the image of the map
(g)n∩− : H2n(N(g),Z[u−1]) −→ H0(N(g),Z[u−1]) 
 Z[u−1] (9)
is contained in the image of the map (8). In particular, the image of (9) is contained in the
proper ideal pZ[u−1] ⊆ Z[u−1]. It follows easily from this that the map
(g)n∩− : H2n(N(g),Z) −→ H0(N(g),Z) 
 Z
is not surjective (cf. [7, Remark 3.2(iii)]).
Case 2:Assume that the element g¯ ∈ 	 has inﬁnite order. Since	 ∈A, wemay consider,
as in the proof of Theorem 4.4, the cohomology class (g¯) ∈ H 2(N(g¯),Z), and conclude
that the map
a(g¯)n∩− : H2n(N(g¯),Z) −→ H0(N(g¯),Z) 
 Z
is not surjective for n?0. Then, it is easily seen that the map
a(g)n∩− : H2n(N(g),Z) −→ H0(N(g),Z) 
 Z
is not surjective for n?0 either (cf. [7, Remark 3.2(ii)]).
Hence, G ∈A. 
Remark 4.8. (i) Let 	 be a group and 	 ∈ H 2(	,Z) a cohomology class. It may be
noted that condition (ii) in the statement of Theorem 4.7 is satisﬁed if the image 
Fp of

 in H 2(	,Fp) is nilpotent in the cohomology ring H ∗(	,Fp) for inﬁnitely many prime
numbers p (cf. Lemma 1.2(ii)).
(ii) A concrete example of a pair (	, 
) satisfying both conditions (i) and (ii) in the
statement of Theorem 4.7 is provided by the wreath product Z Z and the cohomology class
deﬁned in (5) (cf. Proposition 3.2(i) and (i) above).
As a step towards the construction of groups in A\A′, suppose that 	 is a group and

 ∈ H 2(	,Z) a cohomology class classifying the central extension (7), so that the following
conditions are satisﬁed:
(a) There is a subgroup A	, such that the image (res	A
)Q of the cohomology class
res	A 
 ∈ H 2(A,Z) in H 2(A,Q) is not nilpotent in the cohomology ring H ∗(A,Q).
(b) There is a subgroup B	, such that the image (res	B
)Fp of the cohomology class
res	B
 ∈ H 2(B,Z) in H 2(B,Fp) is not nilpotent in the cohomology ring H ∗(B,Fp)
for every prime number p.
Then, we have the following:
Lemma 4.9. Under assumptions (a) and (b) above, the group G is not contained inA′.
Proof. Let F be either Q or the ﬁnite ﬁeld Fp for some prime number p. Then, it is clear
that our assumptions imply that the image 
F of the cohomology class 
 in H 2(	,F) is not
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nilpotent in the cohomology ring H ∗(	,F). Since 	= N(x) and 
= (x) for the element
x = (1) ∈ G, it follows that G /∈A′. 
We shall now give an example to illustrate property (b) above.
Example 4.10. Let  ∈ H 2(Q/Z,Z) be the cohomology class that classiﬁes the extension
1 −→ Z E−→ Q −→ Q/Z −→ 1.
Here, E denotes the inclusion of Z into Q. Then, for any prime number p the image Fp of
 in H 2(Q/Z,Fp) is not nilpotent in the cohomology ring H ∗(Q/Z,Fp).
Indeed, let p ∈ H 2(Z/pZ,Z) be the cohomology class that classiﬁes the extension
1 −→ Z p−→ Z −→ Z/pZ −→ 1.
Then, the canonical image (p)Fp of p inH
2(Z/pZ,Fp) is not nilpotent in the cohomology
ringH ∗(Z/pZ,Fp); in fact,⊕nH 2n(Z/pZ,Fp) is known to be a polynomialFp-algebra on
(p)Fp (cf. [2, Chapter VI, Section 9]). Since p is easily seen to be the pullback of  along
the group homomorphism Z/pZ −→ Q/Z, which maps the generator 1 + pZ ∈ Z/pZ
onto (1/p) + Z ∈ Q/Z, we conclude that the cohomology class Fp ∈ H 2(Q/Z,Fp) is
not nilpotent in the cohomology ring H ∗(Q/Z,Fp), as claimed.
Finally, we give a procedure for constructing groups G ∈A\A′. To that end:
• Let A be a group and  ∈ H 2(A,Z) a cohomology class, such that:
(a1) A ∈A.
(a2) The image Fp of  in H 2(A,Fp) is nilpotent in the cohomology ring H ∗(A,Fp)
for every prime number p.
(a3) The image Q of  in H 2(A,Q) is not nilpotent in the cohomology ring H ∗(A,Q).
For example, the pair (A, ) may be the one constructed in Proposition 3.2.
• Let B be a group and  ∈ H 2(B,Z) a cohomology class, such that:
(b1) B ∈A.
(b2) The image Fp of  inH 2(B,Fp) is not nilpotent in the cohomology ringH ∗(B,Fp)
for every prime number p.
(b3) The homology group Hn(B,Z) is torsion for all n1.
For example, the pair (B, ) may consist of the group Q/Z and the cohomology class
constructed in Example 4.10.
Let 	= A ∗ B and denote by iA (resp., iB ) the canonical inclusion of A (resp., B) into 	.
For all n1 there is a natural identiﬁcation of homology groups
Hn(	,Z) = Hn(A,Z) ⊕ Hn(B,Z), (10)
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which is induced by the group homomorphisms iA and iB , and an analogous identiﬁcation
in cohomology (cf. [2, Chapter VII, Section 9]). In this way, any cohomology class  ∈
Hn(	,Z) is identiﬁed with the pair (i∗A, i∗B) ∈ Hn(A,Z) ⊕ Hn(B,Z). In particular, we
may consider the cohomology class 
 = (, ) ∈ H 2(A,Z) ⊕ H 2(B,Z) = H 2(	,Z) and
the corresponding central extension
1 −→ Z −→ G −→ 	 −→ 1. (11)
We note that the pair (	, 
) constructed above has the following properties:
(i) The group 	 is contained inA.
Proof. This is clear, since both groups A and B are contained inA, which is itself closed
under free products (cf. Proposition 1.1(iii)). 
(ii) For every prime number p there is an integer n1, such that the image of the cap-
product map

n∩− : H2n(	,Z) −→ H0(	,Z) 
 Z (12)
is contained in pZ.
Proof. In view of property (b3), the decomposition (10) implies that for all n1 the image
of any additive map f : Hn(	,Z) −→ Z coincides with the image of the restriction of f to
the subgroup Hn(A,Z) ⊆ Hn(	,Z). In particular, n ∈ H 2n(A,Z) being the pullback of

n ∈ H 2n(	,Z) along iA, the image of the cap-product map (12) coincides with the image
of the cap-product map
an∩− : H2n(A,Z) −→ H0(A,Z) 
 Z
for all n1. In view of assumption (a2) and Lemma 1.2(ii), we conclude that the image of
(12) is contained in pZ for n?0. 
(iii) The image (res	A 
)Q of the cohomology class res	A 
 ∈ H 2(A,Z) in H 2(A,Q) is
not nilpotent in the cohomology ring H ∗(A,Q).
Proof. This follows from (a3), since res	A 
= i∗A
= . 
(iv) The image (res	B 
)Fp of the cohomology class res	B 
 ∈ H 2(B,Z) in H 2(B,Fp) is
not nilpotent in the cohomology ring H ∗(B,Fp) for every prime number p.
Proof. This follows from (b2), since res	B 
= i∗B
= . 
In view of Theorem 4.7 and Lemma 4.9, properties (i)–(iv) established above imply that
the group G deﬁned in (11) is contained inA\A′ (see the footnote on p. 416 of [7]). Thus,
it follows that
the inclusion A′ ⊆A is proper.
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Remark 4.11. We should point out that the group G ∈ A\A′ constructed above
(using Example 4.10) is not ﬁnitely generated. It would be of interest to construct a
ﬁnitely presented (or, at least, ﬁnitely generated) example of that kind.
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